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Qualifying Examination
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Closed Book

1. (15 points) Consider a state of a two-particle system repreéented by the wave function
Y = explip(x,+x,)/2h] X exp[-(Mk/2)"*(x,-x,)/21]
where x,, x, are the positions of the two equal mass (M) particles moving in one
dimension and interacting with a harmonic oscillator force F = -k(x, - x,).
(a) What is the expectation value of total energy of relative motion?
(b) What is the mean absolute value of relative momentum?

(c) If a measurement of relative momentum p were made, with what probability would
one obtain p < (h(2ZMk)!)'2?

2. (15 points)
(a) State all the commutation relatipns among the angular momentum operators L,, L, L,,
and L2
(b) Let ¢, be an eigenstate of L? and L, with eigenvalues h?(/+1) and hm, respectively.
Show that ¢ = (L, + iL,)¥, is likewise an eigenstate of L? and L,, and determine

the eigenvalues.

(c) Show that if I = 0, the state y,, of part (b) ia also an eigenstate of L, and L,.

. (15 points) Determine approximately the deuteron ground state energy for the potential
V() = -Ae™ (A = 32 MeV, a = 2.2 fermi) using the Ritz variational principle. Use as
trial wave function a function of the form R = ce*’":, depending on one parameter a.
The value of ¢ follows the normalization conditionj R’%dr = 1. (m, = 1.67 X 107 kg,

= 6.626 X 10%Js, 1 eV = 1.602 X 107]) °
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4, (15 points) Consider a system which has only two states ¢, and ¢,, with energies E, and
E,. At time t = 0 a perturbation V is introduced. V has the property that
<$1|V|¢$> = <¢,|V|$,> = 0and <¢,|V|$,> = <,|V|¢,> = V,, where V, is
a constant.
Assume that the system is in state 1 at t = 0. Calculate the probability as a function of

time that the system can be found in either state 1 or state 2.

5. (30 points) When an atom is placed in a uniform external electric field E,,, the energy
levels are shifted—a phenomenon known as the Stark effect. In this problem we analyze
the Stark effect for the n = 1 and n = 2 states of hydrogen. Let the field point in the z
direction, so the potential energy of the electron is

Hy’ = -eE,z = -eE,rcosf.

Treat this as a perturbation on the Bohr-Hamiltonian; spin is irrelevant to this problem, so

ignore it.

(a) Show that the ground-state energy is not affected by this perturbation, in first order.

(b) The first excited state is fourfold degenerate: V.00, Y211, Y210, Yo1.1- Using degenerate
perturbation theory, determine the first-order corrections to the energy. Into how
many levels does E, split?

(c) What are the "good" wavefunctions for part (b)? Find the expection value of the
electric dipole moment (p, = -er), in each of these "good" state. Notice that the
results are independent of the applied field—evidently hydrogen in its first excited

state can carry a permanent electric dipole moment.

6. (15 points)
(a) Prove [A,e®] = e®[A,B] when [A,B] = C is a C-number.
(b) Suppose operators A and B obey [[A,B],B] = A\?A with A2 > 0. Find an expression
for eBAeP in terms of A, A and [A,B].

(c) Prove e**® = efeBe/2ABl when [A,B] = C is a C-number.
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7. (15 points) [Use liberally the results proved in problem 6 (above)]

A coherent state of a one-dimensional simple harmonic oscillator is defined to be an

eigenstate of the (non-Hermitian) annihilation operator a:

aj]A> = A|A>, where A\ is, in general, a complex number.
(a) Prove that |A\> = exp(-|A]|%/2) X exp(Aa*)|0> is a normalized coherent state.
(b) Prove the state |A> obeys the minimum uncertainty relation.
(]

(c) Write |A> = Z f(n)|n>, where |n> is an energy eigenstate with energy E,. Show
that the dlstnbutlon of |f(n)|? with respect to n is of the Poisson form. Find the most
probable value of n, hence of E.

(d) Show that a coherent state can also be obtained by applying the translation (finite-
displacement) operator e®® (where p is the momentum operator, and / is the

displacement distance) to the ground state.

Useful general information:

Table . The first few radial wave functions for hydrogen, R, (r). The first few spherical harmonics, Y8, ¢).
Rio = 2a~¥? exp(—r/a) yg = (.‘_) "2
ar
Ry = %lza—s/z’(rl - .;- i-) exp (—r/2a) Y{’ _ (23;>1/2ws9
Ry = ﬁa—s/~;exp(—r/za) o (g;)x/zsmem
10 = -3 _Z£+1(£)z)exp(—r/3a) o=(_5__)]/2 3cos26 — 1
Ra = 8 a2 (1 31 r 7 exp(~r/3a) . 167;5 1/2( cos )
z7¢3 ( "6 ;) ( ) P Y = :F(-BTT-) sin 6 cos ge=®
Rsz = 81\/— -3/7( ) exp (=r/30) v = (i)'./zsinz get2id
3 32n
Rao = ia—J/Z 1= %% § (Z) % (2) )exp(-—r/4a) Y;’ = (%)I/2 (6] cos? 8 — 3cos8)
N = 1673 o (1 - % :— + 81_0 (?:')-> gexp(—r/ﬂla) Y == (5;)”2 sin8(5 cos? 6 — 1)e*'®
2
R = 6‘:/5_(2‘3/2 (l - % ::-) (2) exp(—r/4a) Y.fz _ (;ﬁ)llzginzecosseﬂ"‘
768f/§§a‘3/2 (2)3 exp (—r/4a) o

ac \ 172 )
YJ*J =F (31—5;) sin’ fe*3®
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Problem 1. (20%)

(a) (5%) Find the eigenvalue condition for the attractive potential V' (z) = —225(z).

T 2ma

(b) (10%) Next, for the even solution, find the eigenvalue condition for the double delta function
potential V(z) = A [§5(z ~ a) + &(z + a)).

2ma

(c) (5%) In the real world, a single electron bound to two protons separated by a small distance
will have a lower energy than a single proton plus a hydrogen atom far away. Using the result
of part (a) and part (b) to explain this fact.

Problem 2. (15%)

Calculate the degeneracy of states in a cubic box of volume L? as a function of energy F, that
is, calculate the number of states in the interval (E, E + dF), and use this to obtian the density of
states of an electron gas, keeping in mind that there are two electrons per energy state.

(Hint: How many {n;,ng,n3} are there for which ¥, n? = 2mEL?/h*r2?)

Problem 3. (20%) '
The Schrodinger equation for an electron in a constant uniform magnetic field B is

o (54 24) v = Buln),

where 1 is electron mass, ¢ speed of light, and A vector potential.

(a) (5%) If the field B = (0,0, B) points in the positive z-direction, show that the choices of
A=(- —yB/2.zB/2,0) and A = (0,zB,0) lead to the same magnetic field B.

(b) (5%) Substitute A = (0,zB, 0) into the above Schrodinger equation and find the energy eigen-
values F, assuming p,¢(7) = 0.

(c) (10%) If the wavefunction has boundary condition in the y-direction, i.e.

2rm”

e,y 2) = (3,5 + L, 2) = 22 by, )

and if 0 < hkc/eB < Ly, find the maximum value that m* can take.



Problem 4. (20%)
Consider a spinless particle represented by the wavefunction

v=K(z+y+2z)e ™,
where r = /227 + y? + 22, and K and « are real constants.
(a) (10%) What is the total angular momentum of the particle?

(b) (5%) What is the expectation value of the z-component of angular momentum?

(c) (5%) If the z-component of angular momentum L, were measured, what is the probability that
the result would be L, = +A?

(Hint: You may find the following expressions for the first few spherical harmonics useful:
YY = \/—1— Y0=‘/—3—c059 Y =.:F\/—3—sin96ﬂ¢.)
0 4’ 1 4 ot 8w

Problem 5. (15%)

A particle with magnetic moment i = o3, where § is the spin with magnitude s = 1/2, is
placed in a constant magnetic field pointing along the z—axis. The Hamiltonian (spin part) of the
system takes the form

H=- /,l,og . E .

At ¢t = 0, the particle is found to have s, = +(1/2)A. Find the probabilities at any latter time of
finding the particle with s, = +(1/2)A.

Problem 6. (15%)
A one-dimensional simple harmonic oscillator is subjected to a small perturbing potential § I{(m),
producing a "dimple” at the center of the motion. Thus

e PP 1 5, A
H=H,+40V = 2—n—L+§mwx +m.

Calculate the correction to the ground state energy of the oscillator to the first order in A in the
events that

(a) (10%) a < /h/mw,
(b) (5%) a > /h/mw.

(Hints: The normalized ground state wave function of a simple harmonic oscillator is

mw

Yo(z) = (ﬁ) v exp (—mwx2/2h) :

/°° dc _w )
Vowa+a? a’

and
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Q) Consider a one-dimensional system with potential energy (see Fig. 1.25)

V)=V, >0,
V(z)=0, z<0,

where Vj is a positive constant. If a beam of particles with energy E is
incident from the left (ie., from z = —00), what fraction of the beam is
transmitted and what fraction reflected? Consider all possible values of E.

Vix)
A

Vo e re———

Fig. 1.25

(2

An electron is confined in a three-dimensional infinite potential well.
The sides parallel to the z-, y-, and z-axes are of length L each.

(a) Write the appropriate Schrodinger equation.

(b) Write the time-independent wave function corresponding to the state
of the lowest possible energy.

(c) Give an expression' for the number of states, N, having energy less
than some given E. Assume N > 1.

A particle in a central potential has an orbital angular momentum ! = 2A
and a spin s = 1k. Find the energy levels and degeneracies associated with

a spin-orbit . interaction term of the form Hy = AL - S, where A is a
constant.

A charged particle is bound in a harmonic oscillator potential V =
% kz?. The system is placed in an external electric field E that is constant
in space and time. Calculate the shift of the energy of the ground state to
order EZ.



\g f la) What are the energies and energy eigenfunctions for a nonrelativistic
particle of mass m moving on a ring of radius R as shown in the Fig. 4.7.7

Fig. 4.7

{b) What are the energies and energy eigenfunctions if the ring is dou-
bled (each loop still has radius R) as shown in Fig. 4.8?

-

Fig. 4.8

(c) If the particle has charge g, what are the energies and energy eigen—
functions if a very long solenoid containing a magnetic flux passes tjxe rmgi
in (a) as shown in the Fig. 4.9.? and in (b)? Assume the system does no

radiate electromagnetically.

&>
E

Fig. 4.9

@} Consider a two-dimensional oscillator

oo, oy, 1,2 2
H =2 (pz +py) + 5 (" +¥7)
(a) What are the wave functions and energies of the 3-lowest states?
(b) Next consider a perturbation to. the Hamiltonian

V= -;—eacy(ac2 +4%), (ex1).

Compute to first order in perturbation theory the effect of V on the
energies of the states calculated in part (a).

(7) A one-dimensional square well of infinite depth and 1 A width contains
3 electrons. The potential well is described by V = 0 for 0 < x <14
and V = +oo for £ < 0 and z > 1 A. For a temperature of 7 = 0 K,
the average energy of the 3 electrons is E = 12.4 eV in the approximation
that one neglects the Coulomb interaction between electrons. In the same
approximation and for T = 0 K, what is the average energy for 4 electrons
in this potential well?
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Note: (1) Closed book. (2) Write down your answers as detail as possible

1.(20%) A beam of spin 4 atoms goes through a series of Stern-Gerlach-type
measurements as follows:

a. The first measurement accepts s, = / /2 atoms and rejects s, = — h /2
atoms,

b. The second measurement accepts s, =/ /2 atoms and rejects s, =
—~ h /2 atoms, where s, is the eigenvalue of the operator S<i, with i
making an angle B in the xz-plane with respect to the z-axis.

c. The third measurement accepts s, = — # /2 atoms and rejects s, =
h /2 atoms.

What is the intensity of the final s, = — 4 /2 beam when the s, = / /2

beam surviving the first measurement is normalized to unity? How must

we orient the second measuring apparatus if we are to maximize the
intensity of the final s, = — A /2 beam?

2.(20%)

Consider a parucie in one dimension bound to a fixed center by a
S-function potential of the form

V(x)=—~v8(x), (v, realand positive).
Find the wave function and the binding energy of the ground state.

3.(20%)

An electron is subject to a uniform, time-independent magnetic field of

strength B in the positive z-direction. At z =0 the electron is known to

be in an eigenstate of S+ with eigenvalue 4 /2, where @1 is a unit vector,

lying in the xz-plane, that makes an angle 8 with the z-axis.

a. Obtain the probability for finding the electron in the s, = & /2 state
as a function of time.

b. Find the expectation value of S, as a function of time.



4.(20%)

5.(20%)

6.(20%)

Consider
“E” = (V|H|¥)

with an arbitrary trial wave function ¥. Show that if ¥ differs from the correct
ground-state wave function i, by terms of order ¢, then “E” differs from the
ground-state energy by terms of order €.

[Note: Do not forget the normalization condition ) = 1]

Consider an electron in a one-dimensional harmonic oscillator potential
mw?*x?/2, placed in an electric field pointing in the x direction. Calculate the
first- and second-order energy shifts. Compare your answer with the exact
value of the energy shift that can be obtained in this case.

Two identical spin { fermions move in one dimension under the in-

fluence of the infinite-wall potential V=00 for x <0, x> L, and V=0

fer0<xx< L.

a. Write the ground-state wave function and the ground-state energy
when the two particles are constrained to a triplet spin state (ortho
state).

b. Repeat (a) when they are in a singlet spin state ( para state).

c. Let us now suppose that the two particles interact mutually via a very
short-range attractive potential that can be approximated by

V=-A(x;—x;) (A>0).
Assuming that perturbation theory is valid even with such a singular

potential, discuss semiquantitatively what happens to the energy levels
obtained in (a) and (b).
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